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^ ■ Abstract 

U . 

Qh. We consider the magnetic Schrodinger operator on the so-called zigzag periodic metric 

■^ [ graph (a quasi ID continuous model of zigzag nanotubes) with a periodic potential. 

The magnetic field (with the amplitude i3 G M) is uniform and it is parallel to the axis 

of the nanotube. The spectrum of this operator consists of an absolutely continuous 

P^ . part (spectral bands separated by gaps) plus an infinite number of eigenvalues with 

C/^ I infinite multiplicity. We describe all compactly supported eigenfunctions with the same 

,J^ ■ eigenvalue. We define a Lyapunov function, which is analytic on some Riemann surface. 

C^ , On each sheet, the Lyapunov function has the same properties as in the scalar case, 

but it has branch points, which we call resonances. We prove that all resonances are 

real. We determine the asymptotics of the periodic and anti-periodic spectrum and of 

the resonances at high energy. We show that endpoints of the gaps are periodic or anti- 

K^ I periodic eigenvalues or resonances (real branch points of the Lyapunov function). We 

Q , describe the spectrum as functions of B. For example, il B ^ B^^m = — h^ — ^ — ) ^ = 

1, 2, .., N^m ^"L, then some spectral band shrinkes into a flat band i.e., an eigenvalue 
(^ \ of infinite multiplicity. 

o 



1 Introduction and main results 



Consider the Schrodinger operator ^ = (— iV — ^Y + g on the so-called zigzag periodic 
metric graph T^^' , N ^ 1 with a periodic potential q and with a uniform magnetic field 
'k><( I ^ = -8(0, 0, 1) G M.^, B eM.. The corresponding vector potential =2/ is given by 

H ; 

^{x) = -[^,x] = —{-X2,Xi,0), X= (xi,X2,X3) GMI (1.1) 

For each integer m ^ 1 we define the finite group Z^ = Z/(r7iZ). The graph T^^^ is a union 
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Figure 1: Zigzag graph T^^^ for (a) A^ 
marked by a bold line. 



(b) 
3; (b) A^ = 1. The fundamental domain Fq is 



of edges F^ and is given by 

r(^) = u 



iv^Z^ iji 



LJ 



{n,j,k) gZ = ZxZ3xZ 



N, 



r.. = {r = r°+te^, te [0,1]}, e, 



^ ^LO ^L0 1 






(1.2) 



r'i, = rl = r'^^, where uji = {n + 1,0, k), uj = {n,l,k), uj2 = {n,2,k), (1.3) 



^i3='^°=^i4' where Us = {n,0,k), u^ = {n,2,k - 1), (1.4) 

see Fig. [Hand El Each edge F^ is a segment with length |F^| = 1. We have the coordinate 
rui = r^ + t^uj and the local coordinate t E [0,1]. Introduce the vertex set of F*^^^ by 
\/(^) = ^v : V = rl,j = 0,1, LJ = {n,0,k) G Z}. For a function f{x),x G F we define a 
function f^ = f\r^,LU E Z. We identify each function /^ on F^ with a function on [0, 1] by 
using the local coordinate t G [0, 1] in r^^ = r^ + te^. Our operator ^ on the graph F*^^^ 
acts in the Hilbert space L^(F(^)) = Yliuj®^'^^^^^)- Then acting on the edge F^^, J^ is the 
ordinary differential operator given by (see |AR,Zj . |Kuj ) 



where below in Sect. 2 we will show that 



— -m^, a<^(t) = (=2/(r° +te^),e^). 



Q'nfi,k — 0, 
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Figure 2: The zigzag graph F subjected to the uniform magnetic field B. 



and f^, f'^ e L'^iT^), u e Z; q e L^{0, 1) and / G D(^) satisfies the following 

The Kirchhoff Magnetic Boundary Conditions: each f G S}(=^) is continuous on 

T^^^ and satisfies 

-d^-JUa) + dJ'M - d^Ji^il) = 0, 9^J:,(0) - dJiil) + 9^J:,(0) = 0, (1.7) 

all ciJi = (n + 1, 0, fc), oj = {n, 1, k), uj2 = {n, 2, k), uj^ = {n, 0, k), ^74 = (n, 2, A; — 1) G 2, 

i.e., the sum of external magnetic derivatives of f at each vertex ofT^^^ is equal to 0. 

In Theorem 11.11 we will show that the operator Jif is unitary equivalent to the operator 
H = Yli ®Hk- The operator Hk on the graph F*^^) acts in the Hilbert space L^(F'^^)). In the 
case A^ = 1 we will write F„j = Tn,j,i since k = 1 only. Thus F^-*^) = yj(n,j)<^zxi3^n,j- Acting 
on the edge F„ j, H^ is the ordinary differential operator given by 



[Hkf)n, = -/" ■ + qfn,,, fn,j : [0, 1] ^ C 



(1- 



on the vector functions / = {fn.j), (^; j) G Z x Z3, which satisfy the Kirchhoff conditions 



/„,0(1) = /n,l(0) = e^^Vn,2(l), /n+l,0(0) = e^Vn,l(l) = /n,2(0), 






;i.9) 



-/;o(l) + /;i(0) - e^V/;2(l) = 0, fU,,oiO) - e^Vl,{l) + f^M = 0. (1.10) 

Introduce the space C{T^^^) of complex continuous functions on F*^^) and the Sobolev 

space W\T^^^) =lf G C(FW) : / satisfies conditions (fOUl . (fTTTHl . /, /" G L^{T^^^)\. 

If g = 0, then we denote our operator Hk by ifofc- The operator ifofc is self-adjoint on 
^(Hok) = Vr2(F(i))[Cal]. The operator Hk is self-adjoint with ^(Hk) = D(i^ofc), see Sect.3. 
In 1936 such operators were used to model aromatic molecules by Pauling |Paj . In 1953 
Ruedenberg and Scherr |RSj described this model in details. We are going to consider in 
the framework of this model carbon nanotube, i.e. quasi-one-dimensional materials made 



of sp^-hybridized carbon networks |RSj . Our graph T^^'^ is a wrapped honeycomb lattice 
(see Fig Q), i.e., T^'^^ is a single wall zigzag nanotube |Haj . For applications of our model 
spectral and analysis of these operators see the liter, in |ARZj . |Kuj . 



We reduce the spectral problem on the graph to some matrix problem on M. In order 
to describe this we define the fundamental subgraph Fq by Fq = U^=o '-'fc^i Toj.fc, Thus 
U^;^Fo,o,fc contains only "vertical" edges Fo,o,fc; U^;^Fo,i,fc and U^]^Fo,2,fc contains only edges 
Fo,j,fcWith positive and negative projections on the vector (0, 0, 1) G M'^, see Fig. [T] On T^^\ 
the group Z acts via 

P o ^n,j,k = r„+pj,fc, n,p eZ, {n,j, k) G Z. (1.11) 

Thus Fq is a fundamental domain associated with this group action. 

There are two methods to study periodic differential operators. The direct integral 
analysis usually used for partial differential operators |R,eSj gives general information about 
the spectrum, but no detailed results. The method of ordinary differential operators, based 
on the Floquet matrix analysis, gives detailed results, but even for the Schrodinger operator 
with periodic 2x2 matrix potentials on the real line there are a lot of open problems [BBK] . 

We reduce the spectral problem on the graph to some matrix problem on R. For the 
operator Hk we construct the fundamental solutions 6fc(x, A) = {Qk,a{x,\))aez>i'Lz, and 
$fe(x. A) = ($fc,a(a;, A))ae^xZ3, (x. A) G M x C which satisfy 

-fn,j + (ifn,j = >^fn,j, the Kirchhoff Boundary Conditions (fT^ . (frTn|l . (1.12) 

efc,„(0. A) = ^ijO, A) = 1, e;, JO, A) = $,, JO, A) = O, a = (0, 0). (1.13) 

We introduce the monodromy matrix 

We introduce the monodromy matrix, similar to the case of Schrodinger operators with 
periodic matrix potentials on the real hne, see |YSj . After this, roughly speaking, using the 
approach from |BKj . |BBK] . |CKj we introduce the Laypunov functions and study the proper- 
ties of these functions, similar to the case of the Schrodinger operator with a periodic matrix 
potential on the real line. This is a crucial point of our analysis. Here we essentially use the 



results and techniques from the papers |BKj . |BBKj . [CK] . The recent papers |BBKj . [CK] 
are devoted to the the Schrodinger operator with a periodic matrix potential (a standard 
case) on the real line. Remark that Carlson |Caj studied the monodromy operator to analyze 
the Schrodinger operator on a product of graphs. 

Recall the needed properties of the equation — /" + q{x)f = \f on the real line with 
a periodic potential q{x + 1) = q{x),x G M. In this case we introduce the fundamental 
solutions /{x, A) and ip{x, A), x G M satisfying ^(0, A) = (fi'{0, A) = 1, ^'(0, A) = ip{0, A) = 0. 
The corresponding monodromy matrix A4{X) and the Lyapunov function A are given by 

-^(^)=(Al,A) ^'(1,A))' A(A) = ^(¥''(1,A)+^(1,A)), AgC. (1.15) 



Let /U„,n ^ 1, be the Dirichlet spectrum of the problem —y" + qy = \y,y{0) = y{l) = 
on the unit interval [0,1] and define the set a^ = {fJ'n,^ ^ 1}. Recall that cr^i = {A G 
C : ip{l,X) = 0}. Let I'ny'n ^ 0, be the Neumann spectrum of equation —y" + qy for the 
boundary condition y'{0) = y'{l) = 0. Define 

F = 2A^ + ^^ ' ^^ ^ ' ^ - 1, Cfc = cos(a + — ), Sfc = sin(a + — ), (1.16) 

k = 0,1, ..,N. We formulate our first result about the fundamental solutions Qk,^k- 

Theorem 1.1. i) The operator Jif is unitary equivalent to the operator H = ^2^ (BH^. 
a) Let Ck = cos(a + ^) 7^ for some {k, a) e Z^ x M. Then for any \ E C\aD there exist 
unique fundamental solutions Qk,^k of the system M.l^) with conditions M.l^) and each 
function 0fc(a;, A), $fc(x, A),a; G V^^"* is meromorphic in X E C\a£)- Moreover, each matrix 
AikW satisfies 

M, - ^-'T,nM, % ^ g ^Jt^^,^ /^) , 7^ ^ (J ^^J^ .^) , (1.17) 

deiMu = s-\ Tr.Mfc= ^^"^^^^''^ (1.18) 

Ck 

and the function Dk{T, A) = det(7Vlfc(A) — T/2) is entire with respect to X,t E C. 

Remark that in contrast to the Schrodinger operator with periodic matrix potentials 
on the real line (see |YSj or |(]Kj ). the monodromy matrix Aik has poles at the points 
A G cT/), which are eigenvalues of H^, see Theorem 11.21 However, A^^ is similar to the 
entire matrix-valued function. Define the subspace Ti.k{X) = {ip E 1){Hk) : H^ip = Xip} for 
A G a{Hk), k E Ztv- If some Aq G M is an eigenvalue of Hk with infinite multiplicity, then we 
say that {Aq} is a fiat band. In Theorem 11.21 and 11.31 we describe all fiat bands. 

Theorem 1.2. Let (A, a. A;) G cr/) x R x Z^. Then 
i) Every eigenfunction from TikiX) vanishes at all vertexes ofT^^\ 
a) Let the function ip^^^ be given by : 
ifr]=l- e2*«sV(l, A)2 ^ 0, then 

^n] = ^Jor all Uy^O, -1, j E Z3, and ?/'J°^ = r](pt, V'J^J = (p[(pt, tfj^^^ = e^v^iVt, 

^% = 0, ^%i = -e^'^sViV't, ^% = -Vu t E [0, 1], (1.19) 
if rj = 0, then 
<d = 0, <J(t) = ^t, 4'kt) = e'^^'m, t E [0, l],7^i°] = 0, all n ^ 0, j G Z3. (1.20) 
Then each ■?/''^"^ = (V'n-mj)(m,j)ezxZ3 ^ '^k{X),n E Z and each f E Ti.k{X) has the form 

f=j:M-\ fn=li'i:f^ '{'''°, (/.)-ooe£^ (1.21) 

fi^ [fn,M lfV = 

and the mapping f —>■ {/«} is a linear isomorphism between 7ik{X) and P' . 





(a) (b) 

Figure 3: The supports of the eigenfunction ip^^^ corresponding to an eigenvalue contained 
in ao'- (a) 77 = 1 — e^*"s^(^'(l, A)^ = 0; (b) r/ 7^ 0. The support of the eigenfunction ip^^^ 
corresponding to an eigenvalue belonging to a^p coincides with one shown on the figure (b). 

For a self-adjoint operator H we define the set 

aoo{H) = {A : A G app{H) is of infinite multiplicity}. 

We define the singular magnetic field by a^^m = f ~ 7^ + ^"^5 (^? ^ ^ ^n x ^ and 
singular energy A G (Tap = {A G M : F{\) = —1}. Note that ap, fl cr^p = 0, see Sect. 4 and 
Theorem 14.21 Let A„,n ^ 1 be the zeros of F{X) = —1. Due to Theorem 14. 2^ all A„ are real 
and have asymptotics A„ = vr^n^ + 0(n) as n -^ 00. We describe the operator Hk{a) for the 
case of singular magnetic field. 

Theorem 1.3. Let Ck = cos(a + 7^) = for some {k, a) G Z^ x M. Then 

a{Hk{a)) = cr^{Hk{a)) = a^ U cxap, where a^p = {A G M : F(A) = -1}. (1.22) 

// in addition for some A G aAp 0, function ip^^'^ is given by 

<)(t) = ^,C, + ^,C,, 4'}it) =d,- ^A, <(t) = -^e-, 

^P% = 0, (t>-iAt) = ^e-"^C,, 4^1 (t) = ii}t-^t—)Cu tG[0,l], (1.23) 

7/>i°] = 0, any n ^ -1, 0, j = 1, 2, C^ = v\ + 2A, C^ = -d\ - ^^, (1.24) 



then each ■?/'*^") = (V'n-m,i)(m,i)ezxZ3 G 7ifc(A), n G Z and eac/i / G Hk{X) has the f( 



orm 



/n,l(0) 



/ = E/-^^"^' ^ = ^^> (/«)-ooe£^ (1.25) 



nez 
and the mapping f -^ {fn} is a linear isomorphism between 7ifc(A) and i"^. 

Below we will sometimes write A^fc(A, a, q), -Ffc(A, a, g), . . . , instead of A^fc(A), -Ffc(A), . . . , 
when several magnetic fields and potentials are being dealt with. Let Tk,± be the eigenvalues 
of A^fc, ^ £ Zat. Using p.l8|) we deduce that 

rfc,_rfc,+ = s-^ rfc,_ + rfe,+ = TrXfc = ^^(F + 4). (1.26) 

6 



If A; = 0, then we can introduce the standard entire Lyapunov function Fq by 

^„ . li^ . 1 (.,, . ^) ^ ^±it. (1.27) 

z z ro,+ Co 

The asymptotics of the fundamental solutions {}, ip, imply (see [KL]) 

F(A,g) = A°(A) + ^-^, A°(A) = ^ as |A| ^ oo, 

where Aq is F at g = 0. In particular, if g = 0, then we get -Fo(A, a, 0) = °^ ^° . 

If A; 7^ 0, then we define the Lyapunov functions Fk,± = |(Tfc,± + 7^)) (see |BBKj . |nK] ). 
But in this case the Lyapunov functions are not entire, in general (see |BBKj . [nK] ). Below 
we prove the following identities 



'fc,± 






m 



where so,fc = sin ^, co,fc = cos ^. Introduce the two sheeted Riemann surface IHfc (of infinite 
genus) defined by ^/Rk. The functions -Ffc,±) k E N ~ 1 are the branches of F^ = T^ + a/R^ 
on the Riemann surface 9^^, where the set A^ = {1, 2, .., A^}. 

Theorem 1.4. Let Ck = cos(a + 7^) 7^ for some {k, a) E 2>n x M. T/ien 
ij The Lyapunov functions -Ffc,±, fc 7^ satisfy M.2t^) . 
a) The following identities hold: 

a{Hk) = a^{Hk)Uaac{Hk), a^{Hk) = an, Oac{Hk) = {A G M : Ffe(A) G [-1,1]}. (1.29) 
Hi) Let some A G M 6e not a branch point of F^ and let Fk{X) G (—1, 1). Then Fl.{X) 7^ 0. 

Remark. 1) If we know Fq, then we determine all F^, p^, fc = A^ — 1 by p.28|l . 2) If we 
know pk for some fc G A^ — 1, then we determine all F^, p^, fc G A^ by p.28|) . 

Consider Hq. Using the definition ()1.27|) we obtain Fq{-, —a) = Fo(-,a) = — Fo(-,a + vr) 
for cos a 7^ and Fo(-, a + |) = — Fo(-, | — a) for a G C \ vrZ. Due to this symmetry it is 
sufficient to consider the case a G [0, |). The value ao,m = f + ^"^ ^^ ^ singular magnetic 
field for Hq. The important case a = for odd A^ was studied in |KLj . the case of A^ even 
is studied in Sect. 4. The results for both these cases are formulated in Sect. 4. 

Let a G (0, |). Let Dq{-, t) = det(A1o ~ ^-^2), t ^ C and let A^„ = A^^(a) be the zeros of 
F'o(A, l)F'o(A, -1), where In,N ^l is the identity A^ x A^ matrix. The zeros of Dq{\ 1) ( 
and Dq{\^ —1)) counted with multiplicity are the periodic (anti-periodic) eigenvalues for the 
equation —y" + qy = \y on T^^^ with periodic (anti-periodic) boundary conditions. Below 
we will show that A^„ = A^„(a) satisfy for a G (0, |): 

Fo{K,n) = ("I)"' -^0,0 < -^0,1 < -^0,1 < -^0,2 < -^0,2 < "^0,3 < "^0,3 < "^0,4 < "^0,4 < •••• (1.30) 



(a) 



(c) 




(b) 



(d) 




-^0,1 -^0,2 XqA -^0,4 



Figure 4: The function Fq{\, a) for (a) a = 0; (b) a = |; (c) a = ^; (d) a t |. 






TT 
^2n = /o, 4>2n-l = " - /l OS n ^ OO, (1.31) 



where /s = | arccos 



l+(„l)^8co-8s§ 
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e [0, f ], s = 0, 1. If a = 0, then X^^n ^ '^(t2n> ?^ ^ 1, see 
Sect. 4. Introduce the gaps 7o,n('^) and the spectral bands cro,n(ct) of Ho^a) by 

7o,n(a) = {XqM, ^^n(«))> o^o,n(a) = [A^„_i(a), A(^_„(a)], n > 1. 

The following theorem describes the basic properties of Hq. 

Theorem 1.5. Let a G (0, ^). Then the function Fo(A,a) = {F{X) + Sq)/cq satisfies 
i) The function ^Fo(A,a) has only real simple zeros Ao,n = XQ^n{ci)^n ^ 1, which are sepa- 
rated by the simple zeros rjo^n = Vo,n{(^) o/Fo(A,a).- r^o,! < Ao,i < "^0,2 < Ao,2 < "/^cs < ••• <ind 
satisfy for all n ^ 1: 



^n,f^n £ 70,2n, -fo(Ao,2n, Ct) ^ 



Co 



>1, 



i^o(Ao,2n-i, a) ^ -i^^ ^ -1. (1.32) 



4cn 



l+4cf, 



Moreover, if cq 7^ |, then Fo(Ao,2n-i, a) ^ ~~ii^ < ^^- ^^^ periodic and anti-periodic 

eigenvalues satisfy il.3(J^) . 

a) Each even gap 7o,2n('^) = (Ao2n? ^0 2n)^^ ^ I is open and satisfies 



7o,2n(a) C 7o,2n(ai), 



< a < fli < 



vr 



:i.33) 



Odd gaps 70,™ (a) = (Ao,m(a), X^„^{a)),m = 2n-l,n^l satisfy 
7o,m(a) 3 7o,m(ai), ^ a < ai ^ - and 7o,m(a) C 7o,m(ai), - ^ a < ai < -. (1.34) 



Moreover, if a = ^ and q G Lg^g^(0, 1), then all 7o,2n-i(a') = 0,n ^ 1. 

in) The asymptotics m.31]} hold true. 

iv) Let a t |. Then each band o"o,n(a.) -^ ?« = {^n} (recall -F(A„) = —1) and an is a flat 

band for Hq{^) and 

Ao,n(«), A+„_i(a) = A„ + ^^^±2M) as a T ^. (1.35) 

-r (An) ^ 

Remark. 1) If a = f , then by Theorem HIH (T(/Jo(f )) = (^oo{Ho{f)) = (Tap U a^. By 
Theorem ITU IT31 a{Ho{a)) = (Tac{Ho{a)) U aoo(^o(a)), o^oo(^o(a)) = (^d for all a G (0,f). 
The asymptotics ()1.33|) give the asymptotics of shrinking bands, as a | |. Moreover, if 
I — a > is increasing then the spectral bands are increasing too. 

2) If a G (0, |), then all even gaps 7o,2n are open. If a | |, then each band shrinks to the 
flat band. 

3) If firstly a = ^, then by Theorem 11.31 all bands are flat. If secondly, a < ^, then by 
iv), each flat band a„ becomes ordinary band from aac{H{a)). 

Consider the operator H^, fc 7^ for the case c^ 7^ 0. Let Dk{-, t) = det(7Mfc — r/2), r G 
C,k G A^ — 1. Let A^„ = A^„(a) and /i^^ = ^^^{a),n ^ be the zeros of Dk{X,l) and 
Dfc(A, — 1). In Theorem II. (Jl we will show that the periodic eigenvalues A^„ and the anti- 
periodic eigenvalues /i^^ satisfy the equations Fki^^n) ~ l; -^^(/^fcn) ~ ~^ ^^^ 

H^tn) = cokCk -sle (-^, 1), F{^^%^) = -cokCk -sle (-^, 1), (1.36) 

and a labeling is given by: each A^^, /i^^ is simple and 

Kfl < K,i < K,i < Afc,2 < Afc,2----' /^fc,o < /^fc,i < ^fc,i < Aifc,2 < /^fc,2----' (1-37) 



^fc,n = (^^ ± </'fc,o)^ + go H , yUfc,„ = (^rr^ ± 0fc,i)^ + go H , as ra ^ 00, (1.38) 

1 l + 8((-l)%,Cfc-S^) TT 

0fc,s=2arccos ^^^'2^ s = 0, 1. 



Let r^^, A;gA^ — l,n^Obe the zeros of i?^, which defined by p.28|) . A zero of -R^, k G 
A^ — 1 is called a resonance of Hk- Below we will show that these resonances satisfy the 
equations 

nrt2n) = Icfcl - 4, nrt2n+i) = "Icfcl "4, ^ ^ iV^I, n ^ 0, (1.39) 

they are real and labeling is given by 

rU<'^Ki<rti<rk,2<rt2<-^ |cfc| ^ -,|cfc| ^1, (1.40) 



4,0 < ^fc,l < <1 < ^fc,2 ^ 4,2 < ^fc,3 < <3 < rk,4 ^ <4 < ••> ICfcl = 1, (1-41) 

The resonances r^^, satisfy 

'^Jn = {—±<f)ny + qo + o{n-'), </)2n = /o, 02n-l = --/l, /. = ^ ^ [0,-], (1.43) 

K, = — - — — —, s = 0, 1 as n ^ oo. We describe the spectral properties of H^ in terms 
of the Lyapunov functions. 

Theorem 1.6. i) Let &k{a) = {A G M : (F(A) + slf ^ 4} for some {k, a) e Z^ x R. Then 
the following identities hold 

fu f \\ axf\i, (u f , ^ \\ ax f \ j (^ac{Hk{a)) if c^ ^ 

a{Hk{a)) = Gk{a)UaD = cr{Hk-i{a+ —)), &t,{a) = < (1.44) 

iV l^aAP if Cfc = 

a) Let Ck = cos(a + ^) ^ for some {k,a) E N — I x M. Then the resonances rj^^,n ^ 
satisfy Eq. Ill.'JfJ^} and the estimates ^1.40( 1- ^1 -4^ - Moreover, the spectral bands (Jk,n o-nd the 
gaps 'yk,n,'n ^ 1 for the operator Hk are given by 

(TaciHkia)) = U^^iOrfc,„(a), ak,n{a) = [r^„_i(a),rfc„(a)], 7fc,„(a) = (r^^„(a),r^„(a)). 

(1-45) 

Hi) Let Ck ^ for some {k, a) E N — 1 x R. The periodic A^„ and anti-periodic eigenvalues 



/^fc,n'^ ^ satisfy M.:m)- M .:m) and Xk,n^ l^k,n ^ (^k,n{a). 

Hi) Let a -^ ak,m = f " 7^ + ^"^ /^^ some {k, m) E N — 1 x X. Then each band cTk^nio) — > 

5n = {An} and an is a fiat band for Hk(ak,m) and 

4,n-li(^)^4ni(^) = ^n + ^^ ~ ^° aS a ^ Ofc,^. (1.46) 

-T (A„) 



Note that in the matrix case (see |BBKj ) the resonances in general have non-zero imagi- 



nary part. The fact that all our resonances are real is a peculiarity of the high symmetry of 
a zigzag periodic graph. 

The spectrum of the operator H = H{a),a E M consists of an absolutely continuous 
part (spectral band Sn{a),n ^ 1 separated by gaps Gn{a),n ^ 1) plus an infinite number of 
eigenvalues with infinite multiplicity, and we will show the following identities 

a{H{a)) = aUH{a)) U a^{H{a)), (1.47) 



aac{H{a)) = Un^iSnia), S„ia) = [E+^,{a),E-{a)], Gn{a) = {E~ (a) , E+ (a)) , (1.4^ 
where Sn{a),Gn{a) are given by p.53j) . p.54|l . 
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(a) 



(c) 






(b) 



Figure 5: The function Fi-|-(A,a) for (a) a = 0; (b) a 



3 1 l^j d 2 • 



Theorem 1.7. i) The following identities hold 



TX 



a{H{a + — )) = (T{H{a)), a G R. 
a) Let a G (0, -^). Then all gaps Gn{a) = {E~{a), E^{a)) for even n ^ 2 satisfy 



TT 



Gn{0) C Gn{a) C Gn{a), if <a<a <—, 



[1A9) 



:i.50) 



F{E^ (a)) = c+ — 1 + c^, c+ = cosa_| 



TT 



max{a, — — a}. 



In particular, if a^ = a, then E^{a) are periodic eigenvalues. If a+ = ^ 
are resonances. Moreover, 



(1.51) 
a, then E^{a) 



Etia) 



,-Kn , , 2 oil] 



±(Por + qo + 
2 n 



1 1 + 8(c+ -l + cV) , vr, 

_ arccos ^^^ ±^ G [0, -]. (1.52) 



Hi) Let a G (0, -^) and n ^ I be odd. Let ^ = kj + kj, kj G [0, 1), j = 1, 2, /or some integer 
kj^O. 

If a E A = {ki,k2}, then each gap \Gn{a)\ ^ and \Gn{a)\ ^0 as n ^ oo. 

If a ^ A, then each gap |G„(a)| > and |G'„(a)| ^ oo as n ^ oo. 
iv) There exists e > such that: each gap Gn{a) C G'„(a') and each spectral bands Sn{a') C 
S'n(a) /or a// ^ a < a' ^ £,n ^ 1. 
iv) Let a G (0, f^) for even N and a G (0, f^) \ {j^} for odd N. Then 



tN 



N 



Sn{a) = U^^^ak,n{a), S'„ (a) = n^^^iO-fc,™ 7^ 0, all n ^ 1 



:i.53) 
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v) Let am = ^ - ^ e [0, §] for some me N. Then 

^k=l,k^m'~'k,n\'-^m)i i 'k=l,k^m 



Sn{am) = ^k=l,k^m^k,n{(^m), H^^i . -^Crfc,„ ^ 0, dl U ^ 1, (1.54) 



and 

S^{a) ^ a„ = {A„} as a^ am- (1-55) 

We present the plan of the paper. In Sect. 2 we construct the fundamental solutions 
0, $ and describe the basic properties of the monodromy operator. In Sect. 3 we prove 
Theorem 1.2 about the eigenf unctions. In Sect. 4 we prove the basic properties of the 
Lyapunov functions Fk for the case a = 0. These functions are important to study the 
functions Fk,k G Ziy,a G M. In Sect. 5 we prove the basic properties of the Lyapunov 
function Fk, k e N. In Sect. 6 we shortly recall the results about the direct integral. 

2 Fundamental solutions 

In this Section we study the fundamental solutions for the operator Hk, k G Z^r. 
Lemma 2.1. The identities il.f^) hold and Rn = . ■ '^^ is the radius of the tube T^'^\ 

4 sin 2^ 

Proof. Identity ^ = f [cq, r° + te^], eo = (0, 0, 1) G M^ yields 

au^it) = —{[eo,r^ + te^],e^) = —{[eo,r'^],e^) = a^{0) =a^, any t G [0, 1]. (2.1) 

The definition enfi,k = eo gives anfi,k = 0. Consider other cases. Let a; = (0, 1, 1). Using the 
simple properties of the tube T^^^ (see Fig. 1) we deduce that the vector e^^ has the form 
e^^ = (e^, e", |) G M^. We will determine e^, e" . 

The vectors e^a = {0,1, k),k G Z^r joint the points r°,r^. The points r°,a = 
{0,1, k),k G Zjy belong to the vertices of the N-rectangle. The points r^, a = {0,1, k),k G Zjy 
belong to vertices of the another N-rectangle, turned by the angle 2^. Then there exists a 
coordinate systen in M^ such that the vector 

1 71 

Cq = (-RAfCos0, i?Arsin0, -) - {Rn,0,0) G M■^ 'P = JT- 

Thus the identity \ea\ = 1 yields 

1 

4' 

which yields Rn = -r—^- We rewrite the vector r° in the form r° = Ccq + ri for some 
C G M, where ri-Lco and ri = Rn{1, 0, 0). Then using ()2.1|1 we obtain 



1 = |e„|2 = i?^(l-cos0)^ + i?^sin^(/) + 



-RAr(cos0 — 1) -Rat sin I 
([eo,r°],ea) = — ([eo,ri],e„) = — det i|=^:^sm, 



'",,,. \ „,/, '/,^,,^ . ,]^ ~^,.\ - det I D nil = 



1 
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which yields a^ = ^^ cos 2^. The proof of other cases are similar. ■ 

Let Hok be the operator Hk at q = 0. Recall that ifofc, S)(-f^ofc) = W^^(r*^^^) is self-adjoint 
(Dni. Let ll/f = /r(i) \f{x)\^dx and let ||^||2 = J^ lUt^dt for /^ E L\T^),u e Z. 
Repeating the standard arguments from jKLj for the case a = we obtain 



||g/f ^e||/7o./f+(^ + 2||g||o)||/f, all fe^{Hok), (2.2) 

for any constant < e < 1. Then by the Kato-Rellich Theorem (see 162 p. jReSlj ). 
Hk = Hq^ + 5' is self-adjoint on D(ifofc) and essentially self-adjoint on any core of Hq^. 
Proof of Theorem 11.11 i) We need a modification. We define the unitary operator ^ and 
a modified operator H by 

(^/)^ = e^*""/,^, ueZ, H = ^*^^ (2.3) 

in L^(r^^''). Then acting on the edge F^^, if is the ordinary differential operator given by 

(if/)^ = -/: + g^, f^J^eL'iV^), cueZ, (2.4) 

where / G X) {H) (see below) satisfies the Sturm-Liouville type of boundary conditions 
The Modified Kirchhoff Boundary Conditions. Each f G 'Z>{H) is continuous on 

YW \ \/(^) and satisfies 

/.3(1) = /-(O) = e'^-U{l), f^M = e^'^-fM = UM, (2.5) 

-4(1) + fLio) - e-"/:^(i) = 0, /:^(o) - e--/:(i) + 4(0) = 0, (2.6) 

all Ui = {n + l,0,k), u = (n, 1, k), 002 = (n, 2, k), 003 = {n, 0, k), ijJ^ = (n, 2, A; — 1) G 2. 

We will obtain another representation of H . The function / in ()2. 4^ - 1)2. 6|) is a vector 
function / = {fi^),u! = {n,j,k) G Z. We define a vector- valued function fnj = {fn,j,k)k 1 
where each /„j, (n, j) G Z x Z3 is an C^— vector, which satisfies the equation 



-f:,,+Qfn,=Xfn,,, (2.7) 

and the Kirchhoff boundary conditions (which follow from ()2.5j) - ()2.fi|) ) 

/n,0(l) = /„,l(0) = e»5/.,2(l), /n+l,0(0) = e^Vn,l(l) = /n,2(0), (2.8) 

-/;,o(l) + fn,M - e'^'SfUl) = 0, /;+i,o(0) - e»/;i(l) + ^^(O) = 0, (2.9) 

for all n E Z. Recall that the constant a G M is given by ()1.6p and the unitary operator S 
in C''^ is defined by 

S{hi, h2,..., h^y = {IiN, h,..., hN-iV, h = (/i„)f G C^. 
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We need more detail representation of H. We have 

N 

s'^Vk. Vkh = Ckih, Ck) . ek = 

N2 



^ 1 



where e^ is an eigenvector of S and Sck = s^Ck and recall s = e^ ^ , The operators iS and 
H commute, then H = Y,i ®Hk, Hk = HVk- Using (Q and (1231) we deduce that the 
operator Hk on the graph T^^^ acts in the Hilbert space L^(r*^^)). Then acting on the edge 
F;^, Hk is the ordinary differential operator given by 

{HkfUj = -/:,, + g(t)/„,„ /„,, : [0, 1] ^ C (2.11) 

on the vector functions / = (fn.j), {n,j) G Z x Z3, which satisfy the boundary conditions 

/n,0(l) = /n,l(0) = e^V/„,2(l), /n+l,0(0)=e^'^A,i(l)=A,2(0), 3 = 6^^, (2.12) 

-/;o(l) + /;i(0) - e^V/;2(l) = 0, fUi,oiO) - e^"/;i(l) + fU^) = 0. (2.13) 

ii) For fixed k G Zjv we consider the system 

-/" + qf = \f\ A G C, / G C^(F(^) \ \/(^)) and / satisfies flTT^ and (jTTT?|) . (2.14) 

Suppose / satisfies ()2.14|1 and we know /o,o(0) and /oo(0)- Here we will detremine the 
solution of this system. 

Any solution / of the equation — /" + qf = \f satisfies 

fit) = ^J{0) + ^(/(l) - ^i/(0)), t G [0, 1], (2.15) 

where A = ^{1, X),ipt = (p{l, A), ... Substituting ^TTT^ into the first Eq. in ^TT^ at n = 0, 
we obtain 

-V^i/o,o(l) + (/o,i(l) - ^i/o,i(0)) - e''s\v[fo,2{l) - foM) = 0- 
Using ()2.12p . we obtain 

^i/^,o(l) + («"^Vi,o(0) - ^i/o,o(l)) - e^''s'{^[e-''^s~'fo,o{l) - /i,o(0)) = 0, (2.17) 
which implies 

-^Jooi^) + «/i,o(0) - 2A/o,o(l) = 0, u = a-''' + e^'s' = 2c,si (2.18) 
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If we assume that c^ 7^ 0, then we obtain the first basic identity 

/i,o(0) = — /oo(l) + — /o,o(l), u = 2cus"^, Cfc = cos(a + ^). (2.19) 

Substituting ()2.16|) into the second Eq. in ()2.13|) at n = 0, we get 

^ifioW - e'^i^'JoM - /o,i(0)) + (/o,2(l) - ^1/0,2(0)) = 0. 
Using ()2.12j) . we obtain 

^i/(,o(0) - e^"(^;e-^Vi,o(0) - /o,o(l)) + (e-^".-Vo,o(l) - ^i/i,o(0)) = 0, (2.20) 
which yields 

V>ifioiO) = 2A/i,o(0) - ^2/0,0(1), U2 = e-'^'s-' + d'' = 20^5"! (2.21) 

Then substituting ()2.19j) into ()2.21|1 . we obtain the second basic identity 

/(,o(0) = ^ ^/o,o(l) + — /o,o(l), u = 2c,s^. (2.22) 

Uifi u 

Substituting consequently f = Qk and / = $fc into ()2.19|) and into ()2.22|) . and after this 
QkA^,X),0'kjO,X),..mtoMk{X) = (e;'"(o;A) ItlM)) >«= (1>0), we obtain (HIZD. 
Using (OTIl we obtain det Tk = '-^^ = s-^ det Mk = det TkM = s''', since det M = 1. 
Moreover, using TIM.71^^ = ( „, , | , Tl = \ r. I , we obtain 

2s-t ^ f 2A l\ f ^i 1 



Ck V4A - 4c^ 2AJ Vv'i^'i ^'i 
2A^i + ifii^' + 4 A^ - d) + 2A(/9 = 2A2 + -^ -cl] = ^ '^ 



2A^i + (pi^;+4(A^-c^,) + 2Av9; > , ^- ^ ^ " ^^ / 

which gives p.l8|) . ■ 

3 Eigenfunctions of H, Proof of Theorem II. 2L 11.31 

Proof of Theorem Ol Let (pi = (p{l,X),(p[ = ip'{l,X), ... 

i) Here we use arguments from |KLj . Let Hkip = Xip for some eigenfunction ifj and some 
A G od- For each il)uj,^ = {n,j) G Z x Z3, we have '?/^aj(^) = V'<^(0) + /g tplj{s)ds,t E [0, 1]. 
Then |'?/'(^(0)| ^ |'?/'aj(a^)| + /q |V^L('^)M^ and integrating over x G [0,1], using the Holder 
inequality, we obtain 

1^.(0)1 ^ / {\Mt)\ + \^Ut)\)dt < ll^.llo + llCllo = 0(1), as n^ ±00, (3.1) 
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since ip ^ '^fc(A). Furthermore, each restriction ip^ has the form ipujit) = dui^itjX) + 
b^ip(t, A), t G [0, 1] for some constants a^, b^, which imphes V^t^(l) = 4'uj{0)'^i- The Kirchhoff 
conditions give V'n+i.olO) = V^„,i(l) = ^i^n,i(0) = ^i^/'n^oll) = ^i^n,o(0), which yields 

iJo,o = ^?>-n,o(0), all neZ. (3.2) 

Let \^i\ ^ 1, the proof for the case l-i^il > 1 is similar. Then ()3.2p . ()3.ip imply ^o,o = 
t?f ^_n,o(0) = o(l) as n ^ +oo. Thus dSH) gives V'n.oll) = for all n e Z. Finally, ^j 
vanishes on all vertexes of F*^^-', since the set of all ends of vertexes F^^o, n E Z coincides with 
the vertex set of F*^-'^^ 

ii) Let A = l/r],-)] = 1 — e'^'^°'s^ip\ . We will construct the eigenfunction ip*^ . Define a 
function by: 0„j = for all n 7^ 0, — 1 and any j G Z3 and 0o,o = Vti (poj = Cift, (poj = 
C2'Pt,t G [0, 1]. Then the Kirchhoff Conditions p.l3j) at ra = give 

-ip[ + Ci- e^^s'^C^v'i = 0, -e'"Ci(^; + C2 = 0, 

which yields Ci = Aip[, C2 = Ae^^y^f . 

Let 0-1,0 = 0, 0-1,1 = C-sipt, 0-1,2 = C^ipt, t G [0,1]. Then the Kirchhoff Conditions 
pr^ at n = -1 give 

1 - Cae^V; + C4 = 0, C3 - e^'^s^C4<^; = 0, 

which yields C4 = —A, C3 = —Ae'^'s^ip'^. 

Let ll/lp = /p(i) p{x)dx. Using ()1.19p - ()1.20|) . we deduce that ip'^'^^ is an eigenfunction of 
Hk with the norm given by 

|V^(°)(x)|2t/x = C / |^(x, A)|2rfx, C = |r/|2 + 1 + ^\^ + 2y;;^ 

The operator H^ is 1-periodic, then each ip^"\n G Z is an eigenfunction. We will show 
that the sequence ip^'^\n G Z forms a basis for HkiX)- The functions ■0''"^ cire linearly 
independent, since F„,o C supp?/^^"^ \ supp'0'''"^ for every n ^ m. 

For any / G TLk^X) we will show the identity p.2ip . i.e., 

/ = /, / = E/>^"^ /. = ^^^. (3.3) 

nez ' 

From ()3.3|) and A G ao we deduce that 

/|r„,o = /|r„.o = /n^ a// n G Z. (3.4) 

We will prove the following simple properties of /: 

Each function ^^"^ e W^L(F(i)), n G Z, then we get / G iy;2^(F(^)). 
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Let r° = Uni^z^nfi- Using the identity ()3.4p . we obtain 

\f{xrdx= [ \fix)\'dx = j2\fn\' [ \^^''\x)\'dx = u^'^rj2\f" 



which yields {/J G e and E„ezl/nl' ^ ll/f ■ We will show \\jf = J^,,, |/(a;)|2dx < oo. 
Using ip^'^^ip^™') = for |?2 — s| > 1 we have 

= j f{x)f{x)dx= J2 Z/n.(V^^"\^("^^) ^ E l/nll/-lll^^"^IIIIV^^™^)ll (3-6) 



n,n£Y n,n^Y 

71, mgy n£2 



nl 



which yields ||/p ^ 3||'?/'*^°^||^ ^^^^ l/nP- We have proved the properties ()H.5j) . 
Consider the function u = f — f. The properties ()H.5|1 and ()3.3|1 give 

ueW^,^{T), ueL\T), u\ro = 0. 

Define the function uq = M|ro.o and tio|r\ro.o = 0. We deduce that the function uq is an 
eigenfunction and has a compact support Fo.o- But the Kir chhofT boundary conditions p.9j] - 
(irrnil yleUs Uo = 0. 

iii) Let e'^^^Vf = 1- Then e^^'^s^ = 1 = /^l Let 0„,o = O,0o,i = ^t, 0o,2 = dpf 
Then the Kirchhoff conditions (imUl at n = yield: 1 - e"s'^C(^; = o', -e*''(^; + C = 0, and 
thus C = e^V; 

The operator iJ^ is periodic, then each ip^'^\n G Z is an eigenfunction. We will show 
that the sequence ip^'^\n G Z forms a basis for T-Ck(X). The functions t/''-"^ are linearly 
independent, since supp'?/'^"^ fl supp ■?/'*^™'^ = for all n ^ m. 

For any / G HkiX) we will show the identity ()1.2Up . i.e., 

/ = /' / = E£^^"^' /" = /m(0)- (3-7) 

From ()H.7j) and A G ctd we deduce that 

fKr = /Ir„a = fnf all neZ. (3.8) 

Using the arguments from ii) we obtain the following properties of /: 

/eH^L(r«), El/"l'<^' f^L\TW). (3.9) 

Consider the function u = f — f. The properties ()3.9|) and ()3.7|) give 

M G PVzL(r^^^), u G L2(fW), u|r„,i =0 all n e Z. (3.10) 
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The function m = at all vertaces of T^^^ and then Ua = Caff t, en = {n,j),n E Z,j = 0,2. 
Assume that Cq^ = C. Then the Kirchhoff boundary conditions p.lO|) yields Cnfi = —Cn,2 = 
—C and Cnfi = C'n+i.o = C, which give C = since u G L'^{T^^^). ■ 

Proof of Theorem 11.31 If Ck = 0, then by ()6.1|) . a{Hk{a)) = aoo{Hk{a)). The case X E ao 
is described by Theorem II .21 

Consider eigenf unctions —(f)" + q(f) = Xcp on T^^^ under the condition Cfc = 0, A ^ a^- Then 
(ITT^ and ^TT^ give 

2A 2A 
0U(O) = — 0n,o(O), 0U(1) = </'n,o(l), a//nGZ, (3.11) 

which under the condition 0o,o(l) = 1 yields 

<Poflit)='&tCi + ^tC2, Ci = <^; + 2A = /o,o(0), C2 = -^'i-^^ = /^o(0). (3.12) 
Then the identities (IH.12J) imply 

'^[),o(0)_ ^; + ^_2A 



(/.o,o(0) <^; + 2A y^i ' 

and then 



(3.13) 



4A2 + 2A((^; + ^i) + v^i^; = 0, 2A2 + ^ = 0. (3.14) 

Then only for A G aAP there exists a solution of —(f)" + qcj) = X4>. 

Consider an eigenfunction —0" + q4> = Xcp, X G <jap- Assume that (pnfl = for all n 7^ 0. 
Then we get 

1 = 0o,o(l) = 0o,i(O) = -e~^>o,2(l), 0i,o(O) = 0o,i(l) = 00,2(0) = 0, (3.15) 

which yields 

<l>ofi{t) = VtCi + ^tC2, (j)o,i{t)=^t-^t — , 0o,2(t) = -— e", tG[0,l]. (3.16) 

The direct calculation shows that the Kirchhoff Boundary Conditions ()1.1()|1 hold. 

Consider another boundary. The Kirchhoff Boundary Conditions fll.9|) at n = — 1 give 

(/)_i,o(l) = = 0_i,i(O) = 00,2(1), Ci = 00,0(0) = e^>^i,i(0) = 0„i,2(O), (3.17) 

which yields 

0-i,i(t) = ^e-^'^Ci, 0_i,2(t) = {A - Vt—)Ci, Ci = <^; + 2A. (3.18) 

The direct calculation shows that the Kirchhoff Boundary Conditions ()1.10|) hold at n = — 1. 



The operator H^ is periodic, hence each ip^"\n G Z is an eigenfunction. We will show 
that the sequence ip^'^\n G Z forms a basis for Tik^X). The functions t/''-"^ are linearly 
independent, since supp'?/''-"^ \ supp t/''-™'^ = T^fi for every n ^ m. 

For any / G TCk{X) we will show the identity ()1.25|) . i.e., 

/ = /, / = E/-'^^"^' /n = %^- (3-19) 



n& 



Co 



The function / satisfies fj3.1H) . since F{\) = — 1. From ()3.11|) and ()3.12|) we deduce that 
/o,o(t) = Ci^tCi + y^tC2) = C0o,o(t), Ci = ^[ + 2A, C2 = -#i - ^^, (3.20) 

which yields 

/|r„,o = /|r„.o = /n0^"^ all n e Z. (3.21) 

Using the arguments from the proof of Theorem 11.21 we obtain the following properties of /: 

/ G iyL(r«), Yl I/-I' < ^' f^ ^'(rW). (3.22) 

Consider the function u = f — f. The properties ()3.22|1 and ()3.2H) give 

«Giyl(r«), MGL2(r«), u|ro = 0. (3.23) 

Define the function uq = M|ro,o ^^^ Mo|r\ro,o = 0- We deduce that the function uq is an 
eigenfunction and has a compact support Tqq. But the Kirchhoff boundary conditions yields 
Mo = 0. ■ 

4 The magnetic fields B = 

In this section we consider only the case a = 0. Each integer A^ has the form A^ = 2m + 1 
or N = 2m + 2, rra ^ 0. Recall that the results for the case a = and A^ odd was obtained 
in IkD. 



Let Tk,± be the eigenvalues of A^jt, A; G Zjv, /c 7^ y. Using (jl.lSj) we deduce that 

Tk-Tk,+ = S"^, Tfc _ + rfc,+ = TlMk = S''' TlM-k, T^k,+ = Tk-S^, T^k- = Tk, + S^ . 

(4.1) 
If A; = (or k = N), then we can introduce the standard entire Lyapunov function 

2 2 ro,+ 4 



If A; 7^ 0, then we define the Lyapunov functions A^-t = h{Tk^± H — —) (see [BEKj- fUK] ) and 



Tk,± ' 



using ()4.H) we get A^k,± = 'Ak,±- Below we prove the following identities 

11 s'^ N 

Afc,± = -(r,,± + )=^k±VP^, ^fc = Ao + si pk = -1^(4 - 4'), ^ ^ T- (^-2) 
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If g = 0, then we denote the corresponding functions by A^, pj,, ... In particular, we have 

KW = ^''''^f~\ e, = K + sl, P°. = 4^(4 - (4Y)- (4.3) 

Introduce the two sheeted Riemann surface IHfc (of infinite genus) defined by ^/pk- The 
functions A^ -t, k ^m, are the branches of A^ = ^k + \/Pk on the Riemann surface TZk- 



Theorem 4.1. //a = 0, fc = y G Z, then following identities hold: 

a{Hk) = a^{Hk) = ctd U a^p. (4.4) 

Moreover, ifk = 0,l,...,m,kj^Y> then 

i) The Lyapunov functions Ak^±, k Em satisfy (|^.iJ| ). 

ii) For each k = 0,1, ...,m the following identities hold: 

a{Hk) = a^{Hk)UaaciHk), a^{Hk) = ao, ^,,(17^) = {A G M : Afc(A) G [-1, 1]}. (4.5) 

Hi) // Afc(A) G (—1, 1) for some A G M, /c = 0, ..,?7i and A is not a branch point of Ak, then 
Ai(A)^0. 

Remark. 1) If we know Aq, then we determine all Ak,pk, k = —m, ..,m by ()4.2j) . 2) If 
we know pj for some j = 1, .., m, then we determine all A^, pk, k = —m, ..,m by ()4.2|1 . 
Proof. The proof of /c = y G Z follows from Theorem 11.31 The case A; = 0, 1, ..., m and N 
is odd was proved in |KLj . The proof for even A^ is similar. ■ 

Recall that a zero of pk = Rk\a=o, k Em is called a resonance of Hk. 

Let Do{-, t) = det(Xo - rJa), r G C and let AJ„ be the zeros of Do{X, l)Do{X, -1). The 
zeros of -Do(A, 1) ( and -Do(A, —1) counted with multiplicity are the periodic (anti-periodic) 
eigenvalues for the equation —y" + qy = Xy on T with periodic (anti-periodic) boundary 
conditions. Below we will show that A^„ satisfy 

Ao(Ao';„) = (-1)", Ao+o < Ao,! < A+i < X^^, ^ X^, < X,^, < X^, < X,^, ^ X^, < .... (4.6) 

Introduce the gaps 7o,n = (Aq^^, XQ^),n ^ 1. We need the following results from |KLj about 
F = Ao. 

Theorem 4.2. Let a = 0. Then the function F = Aq is entire and has the following 

properties: 

i) The function Aq has only real simple zeros Xo^n,n ^ 1; which are separated by the simple 

zeros 77o,„ of Aq: r/o,! < Ao,i < r/0,2 < Ao,2 < ^0,3 < ••• and satisfy 

5 
i^n,/in e 7o,2n, Ao(Ao,2n) > 1, Ao(Ao,2n-i) ^ "-, foT any u ^ 1. (4.7) 

ii) The periodic and anti-periodic eigenvalues X^^,n ^ satisfy (|^.61 ) and have asymptotics 



K2n+i = (tt "'" ' ± 0)^ + go + ^, Af„ = {nny + qo± 



n 



^2 



± _^^2n+l 2,^ oil) x± _ / ^A2 , ^ , I;, ,2 (isn 



<ln\ -^ 



2 



n 



20 



= arcsin | G [0, |] and g„ = /^ g(t)e*^''"*(it, g^n = Img„. Moreover, (— l)"Ao(A) ^ 1 /or all 

«««^ l7n| = l/^n - ^nl «# 7n = 70,2n- 

^''^y' 7o.2n C 7„ /or all n ^ 1. Moreover, for fixed n ^ 1 we have 7o.2n = iff In = ^- 
v) Ao(Ai+2„) = -I /or alln^Ozjfqe L^JO, 1). 

Consider the case A; G m, m ^ 1. Let Dk{-,T) = det(A1fc — r/2),r G C. Let A^2n 
and A^2n+i5''^ ^ be the zeros of Dk{X,l) and Dfc(A, — 1). Below we wiU show that the 
periodic eigenvalues A^2n ^^^ the anti-periodic eigenvalues A^2n+i satisfy the equations 
Afc(A^^) = (—1)". In Theorem 14 .HI we show that A^^ satisfy the equations 

27ik 
Ao(A^,2n) = cos^, Ao(Aj2„+i) = -1, k ^ m, (4.9) 

and labehng is given by: each A^„ is double and 

-^0,0 < -^1,0 < \o < ••• < ^m,0 < \l < Vl < ^■m,2 < ^71-1,2 < ••• < V2 ^ "^0,2 < •••> (4-10) 



Aj2n-i = Aj2n-i, (/^, n) G m X N. (4.11) 

The periodic eigenvalues A^2n' k = 1, ..,m,n ^ (i.e., AA;(A^2n) = 1 ) satisfy 

^+ \2 o(l) 1 1 + 8C2fc r ^n 

•^fc,2n = (^^ i 'A'fc) +?oH , (pk = -aTccos ^[O'-^J ""^ n -^ oo. (4.12) 

Let r^ ^, /c G m, n ^ be the zeros of pk- Note that there are no resonances for the cases 
N = 1,2. Below we will show that these resonances satisfy the equations 

^o(rj2n) =Ck- sl, Ao(rj2„+i) = -Ck -si, ke m, (4.13) 

they are real and labeling is given by 

N 
<o < ^k,i < <i < ^fc,2 < <2 < ••> k^ -, (4.14) 

<0 < ^fc,l ^ <1 < ^fe,2 < <2 < ^fc,3 ^ <3-' ^ = y • (^-^^^ 

The resonances r^^ (for A; G m. A; 7^ y) satisfy 

'^Jn = (^±^fc,n)^ + ?0 + o('^~^), as n^OO, bk,2n = (pk,0, &fc,2n+l = " " 0fe,l, (4.16) 

0fc,s = I arccos — ^^ — ^-g-^^^ — — G [0, |], s = 0, 1. We describe the spectral properties of Hk- 
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Theorem 4.3. Let a = 0. 

i) The periodic and anti-periodic eigenvalues A^„, k E fn,n ^ satisfy Eq. \4-^ '^'^^ ^he 

relations (|^.i(^ - (|^.iij| ). 

a) The resonances r^ „, A; G m, ra ^ satisfy Eq. \4.13^ and estimates ^J^-^J^. 

Hi) For n '^ l,k Em the following identities are fulfilled: 

aac{H) = Un^iSn = U^dfc, S'„ = [E^_^, E'] = U^^q^M, n^^o^M 7^ 0, (4.17) 

^o,n = [Aj;„_i,AoJ, and AJ„ G afc,„ = [rJ„_ir-J, (4.18) 

G^ = {E-,E^) = n™7M, G2„ = 7o,2n. (4.19) 

^■yj G2n = iff In = ^- Moreover, G2n = o{l) as n —* oo. 

v) If p = ^ E Tj, then G2n+i = for all n ^ iff q E LeveniO, 1)- Moreover, each odd gap 
Gn has the form Gn = ijp.m'^p,-n) (n ^ I is odd) and r^„ satisfy 

,2 



r^„ = TT^— + go i kcnl + o(?2^"'^) as n -^ oo, qcn = / Qit) cosTcntdt. (4.20) 

4 Jo 

vi) If ^ ^Z,, then each gap G2n+i 7^ 0, n ^ and \G2n+i\ ^ cxd as n ^ 00. 

vii) The operator H has only a finite number of non degenerate gaps Gn iff ^ ^ '^ ^'^^ 1 ^^ 

an even finite gap potential for the operator —y" + qy on the real line. 

Proof. The case N odd was proved in |KLj . The proof for the even A^ is similar. ■ 

Note that in the matrix case (see |BBKj ) the resonances in general have non- zero imag- 
inary part. That all resonances are real is a peculiarity of the high symmetry of a zigzag 
periodic graph. 

Below we need following results from jKLj . 

Lemma 4.4. Let c E [— |, 1]. Then Eq. F{X) = c, A G C has only real zeros, which satisfy 
i) If c E (— |, 1). Then these zeros z^ are given by 



zt < z, < zt < z^ < .. and \ z^ = u„ ^ H —, as n -^ 00. (4.211 

V i i z V n n 2u± n2 ' 



n 

l + 8e 



where m^ = vrn ± Uq, n ^ 1 and Uq = ^ ^ G [0, f ],«([ < u^ < u^ < U2 < ... 

Moreover, the zeros z^ have another representation given by: x^ = z^_^-^^,x^ = 2;^, and 

_ , _ , _ /-^ I go 0(1) 
Xi < Xi < X2 < X2 < x^ < .. yXn = ^n + TT^ "I 2~ '^^ u ^ oo, (4.22) 

where v^ = 7i{n — i) ± (| — Uq). 

a) If c = 1. Then these zeros z^ are given by 

Zq < z7 ^ zt < Z2 ^ zt < ■■ and \f^ = ixn ^ 1 — , as n — >• oo. (4.23) 

27m n^ 

Hi) If c = — |. Then these zeros x^ are given by 



4' 

In I go I OJK 

T 2im n^ 



x^ ^ x^ < X2 ^ X2 < ■■ and \tx^ = T^{n — -) + 77377 H ^, as n -^ 00. (4.24) 
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5 Lyapunov functions, Proof of Theorem I1.4H1.7I 

We recall that {}{x,X), (p{x,X), x & M. are the fundamental solutions of Eq. —y" + qy = 
\y, A G C, on the real line such that ^(0, A) = /(O, A) = 1, ^'(0, A) = (fi{0, A) = 1. For each 
X G M the functions "d, d' , (p, (p' are entire in A G C Moreover, the following asymptotics are 
fulfilled: 

/g|imVA|xx sinv^x /eli'"^!^ 

^(x, A) = cosVAx + 0( ^— )' '^{x,\) = -= hOf 



lAI 



A(A)=cosyA+ ^° +0[-—j-y 90 = ^ J qit)dt, (5.1) 

as |A| ^ oo, uniformly on bounded sets of (x; q) G [0, 1] x L^(0, 1) (see |PTj ) . 

A great number of papers is devoted to the inverse spectral theory and a priori estimates 
for the Hill operator: [M], [nTJ,[KKJ, |Koj etc. We recall some needed below results about 

the Hill operator from JM|v The sequence A^J" < Aj~ ^ A^ < is the spectrum of equation 

—y" + qy with periodic boundary conditions of period 2, that is /(x + 2) = /(x),x G M. 
Here equahty means that A~ = A^ is an eigenvalue of multiplicity 2. Note that A(A^) = 
(— 1)"^, n ^ 1. The lowest eigenvalue A^ is simple, A (A,]') = 1, and the corresponding 
eigenfunction has period 1. The eigenfunctions corresponding to A^ have period 1 if n is 
even, and they are anti-periodic, that is /(x + 1) = — /(x), x G M, if n is odd. The derivative 
of the Lyapunov function has a zero A„ in the "closed gap" [A~,A^], that is A'(A„) = 0. 
Recall that //„ and z/„ are the Dirichlet and Neumann eigenvalues. It is well-known that 
f^n,^n £ [^ni-^n] ^^^ ^0 ^ 0. Moreover, a potential q is even, i.e., e G Ll^^^{0,l) iff 
\ln\ = l/^n — t'nl for all u ^ 1 (see [(tTJ or |KKj or |Koj ) . 

Similarly to the case of periodic Schrodinger operators on R, we determine the spectrum 
of H in terms of the Lyapunov function F^ = T^ + y/Rk- 

Proof of Theorem ll.4L i) Fix a eigenvalue r^ of A^^. Due to ()1.17|) . ()1.18p the characteristic 
equation for Ai^ has the form det(A^fc — r/2) = r^ — Tr A^^r + s~'^ = 0. Then eigenvalues 
T^ of A^A: are given by 



T, 



k 



2 *= 



s-Hwk±tJl-wl), yj, = l±IJi = ':lTTMk. (5.2) 

Cfc z 

Each eigenvalue t^ defines the Lyapunov function F^ by F^ = ^{ t^ + :^ ]■ Due to 

T^TJ7 = s~^, we obtain 



Fk = 2 " 2 V S +{wkTi\Jl- wl)s^ 



Wk±i \ 1 -wl = CokWk ± Sok\ I - wl, (5.3) 
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where Sok = sin ^, Cok = cos ^. Finally, 

F^ = Tk±^/Rk, Tk='f{F + sl), R. = slk(l-wi^ = '-^i^cl-{F + sir 

ii) The standard arguments (see |(yalj and Teorem l?rT|l yield asc{Hk) = and aac{Hk) = 
{AeM:Ffc(A)e[-l,l]}. 

iii) Let FJ^^Xq) = and -Ffc(Ao) G (—1,1) for some Aq G ak,k = 0,..,N. Then we 

have the Tailor series Ffc(A) = Ffc(Ao) + tP^^^^ + 0{tP+^), as t = A - Aq ^ 0, where 

-^fc (Ao) 7^ for some p ^ 1. By the Implicit Function Theorem, there exists some curve 
F C {A : |A - Aol < e} nC+, y 7^ 0, for some e>0 such that Ffc(A) G (-1, 1) for any A G F. 
Thus we have a contradiction with ()1.25|) . ■ 
Proof of Theorem 11.51 Recall the identities 

1 .. F + sl ,2 ip(l,W(l,-) 9A2-A2-5 , , 

2 Co 4 4 

where A_ = ^{{p'{l, ■) — -(9(1, ■)). Recall that we consider the case: a G (0, |) 

i) The results of i) follow from ()5.4|1 and Theorem 14 .21 

ii) We determine the equation for periodic eigenvalues for the case c^ > and a E (0, |). 
We have 

Fo(A) = ±1 ^ F(A) = ±co - si, 

where cq — Sq G (—1,1), — cq — Sq G [— |,— 1). Then the properties of F from Theorem 
14.21 give that all even gaps 7o,2n('3') = (Ao2n('^)5 '^o'2n('^)) ^^^ open and satisfy 7o,2n(«) C 
7o,2n(ai), a < ai < |. 

Consider the odd gaps 7o,m(a) = {Xom{a), Xq^^q)), m = 2n — 1. Then the properties of 
F from Theorem 14.21 give 

TV TT TV 

7o,m(a) 3 7o,m(ai), ^ a < Oi < -, and 7o,m(a) C 7o,m(ai), - ^ a < Oi < -. 

If a = |, then cq + Sg = | and the properties of F from Theorem 14.21 give that |7o,m(o.)| ^ 0. 
Moreover, if in addition, q G Ll^^^{0, 1), then all odd 7o,m(o) = 0,m ^ 1. 

iii) Repeating the standard arguments (see |KLj ) we determine asymptotics p.31|) . 

iv) Consider the case: Cq j or a | |. The spectral bands are defined by 

(Xo,„(a) = (A(};„_i(a), Ao,„(a)), F{X^^^J = cq - s^ ^^(Ajsn-i) = -co - si 
Using F{Xn) = —1 we obtain 

F(Ao,Ja)) - F(A„) = cq - sg + 1 = co(l - Cq) ^ 0, 

and F'{Xn) ^ yields Ao„(a) = A„ + ^° ~ ° as a | f . Similar arguments give Xq^_i = 
A(72n+i + '^0(1 + O(co))/-F'(A„) as a t |. Thus we have (I1.H5J) . ■ 
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We consider the Lyapunov function Fk,k ^ N. 
Proof of Theorem 11.61 Recall 



.2 



where cok = cos ^, sqa; = sin ^. For the case Ck ^ these definitions yield : 

Tk{X,a + TT) = -Tk{X,a), Rk{X,a + n) = Rk{X,a), X e C. (5.5) 



ii) We determine the equation for resonances for the case k G N — 1. If Rk{X) < 0, then 
Ffc(A) is not real and then A ^ a{Hk). We have 

Rk<0 -^ cl<{F + slf ^ F + sl>\ck\ or F + si < -\ck\. (5.6) 

Consider the first case: n is even, i.e., T^2ni^ ^ ^- ^^ have 



F + sl>\ck\ ^ F>/+ = |c,|-4g[-1,1], keN-l. (5.7) 

The resonances r^^ are zeros of Eq. F{X) = f^ & [—1, 1], A G C. Lemma lOl gives that all 
these resonances are real and labeling is given by p.4()j) - p.42j) and r^^ satisfy asmptotics 

(HSH). 

Consider the second case: the odd gaps 7fc^„ = ij^n^r^^, i-e., ra G Z is odd. We have 

F + sl<-\ck\ ^ F</- = -|cfc|-4G [-^,-1), keW^l. (5.8) 

The resonances r^^ are zeros of Eq. -F(A) = /^ G [— |, —1), A G C. Lemma lOl gives that 
all these resonances are real and labeling is given by ()1.40|) - fll.42|) and r"^^ satisfy asmptotics 
(IOT|l . In order to prove (lOKll below we will show that if Rk{X) ^ 0, then Ffc(A) G [-1, 1]. 
iii) Using ()1.17j) . ()1.18|l . we obtain the equation for periodic (anti-periodic) eigenvalues 



F + sl ^^^/ _{F + s 



k) 



= det{Mk T /2) = 1 T Tr Mfe + s-'^ = 1 + s'^ T 2^^^ = 2s^ (cok T 

S2Ck \ ^k 

which yields the equations 

5 
F{^n) = CofcCfc — s\ G (— T, 1) for periodic eigenvalues A^,^ ^ 0, (5.9) 



F(/i^) = —cokCk — si G (~7' -'-) ^°^ ^^^^ ~ periodic eigenvalues ^^n^n ^ 0. (5.10) 

These equations and Lemma 14.41 give that all these eigenvalues are real and labeling is 
given by ()1.36|) - ()1.38|) and they satisfy asmptotics ()1.31|) . Note that A^,/i^ are simple since 
F'(A^) ^ 0,F'(/i±) ^ 0, see Theorem lOl 
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We will show /x^, A^ G ak^n and p.45|) . Recall 

F + sl 



I r + S 

Fk = CQkWk + Sok\J^-wl, Wk = -, Wk{Xn)=Cok, Wfc(/i^) = -Cofe. (5.11) 



Cfc 

Then at A = A^ we get 

FkW = <W (cok - ^ok^P^^) = 0, i^'(A) ^ 0. (5.12) 

and similar arguments yield F^(/i^) = 0, Fl^^jjj^) ^ 0. This shows that there are no classical 
gaps, Uni^n ^ '^k,n and there exist only resonance gaps. Thus we obtain ()1.45j) . 

i) Using (Q we obtain s{Hk{a)) = {A G M : (F(A) + slf ^ c^} U (Td, A; G In- and 
a(iffc(a + f )) = (y{Hk+i{a)) U ctd, (fc, a) G Zat x M, which yields (ITtll . 

iv) The proof of the case ak^n — > ?„ as a — > ak^m repeats the case cro,n — ^ ?„ as a | |, see 
the proof of Theorem 11.51 ■ 

Proof of Theorem EH i) Using (fT^ we get (fT^ . 

ii) Consider the case a G (0, j^) and the gaps Gn for even n. Recall that for A G 7fc,„ we 
have obtained in the proof of Theorem 11.61 



F(A) + 4>|c,| ^ F(A)>/+ = |c,|-4g[-1,1], A;GiV-l. (5.13) 

The resonances r^^ are zeros of Eq. -F(A) = /^ G [— 1, 1], A G C. Then we deduce that 

1 > /0+ > /+ > /+ > ... > /+, 1 > /+_! > /+_2 > - > //o-l' 

where | — a — ^ G (0, 1) for some integer p^ ^ 0, which yields for n = 
for n ^ 2 

'"po.n ^ '"po-2,n < ■■• < '^l,n < Ag^^ < Aq„ < T^,^ < Tg^ < ... < r^^,^^ 
^P(i+l,n < ^po+2,n < ••■ < ''"Ar-l.n ^ ''^Af-l.n ^ '^N-2,n ^ ••• ^ '''po+l.n' 

and 

7o,n C 7i,„ C ... C 7po-i,n <^ 7po,n5 7Af-i,n ^ ... C 7po+2,n C 7po+i,".5 (5-14) 

Gn = lN-l,n n 7o,n- (5.15) 

Due to ()5.15p the even gaps are associated with f^^l and f^_i ~ 1 and in these two 
cases fl5.15|) gives 

Jq = cos a — sin^ a < 1, fw-i — cos(a — — ) — sin^(a — — ) < 1. (5.16) 
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Thus the even gaps G'„(a) = {E^ (a), -E'^(a)) are determined by 

IT TT 

F{E^{a)) = cosa_|_ — sin^ a_|_ < 1, a+ = maxja, — — a} E (0, — ). 

Thus Lemma [4.41 yields Gn{a) y^ and ()1.52|1 . in particular, \Gn\ ^ oo as n ^ oo. 

iii) We consider the case of odd gaps 'jk,n = {'^kn^^tn)^ i-^-' '"' ^ ^ is odd. For A G 7fe,n 
we have 



F{X)+si<-\cu\ ^ F(A)</,7 = -|c,|-sf G(--,-l), keN-l. (5.17) 

From Theorem ll.fil we deduce that these resonances (i.e., the zeros of Rk) are zeros of Eq. 
F(A) = ff^ E [— |, —1), A G C. Moreover, by Theorem II. 4[ they are real and simple. We get 

K,n < ^I'n < r2,n < ■- < rp,,n < ^^i,n < '^pi-l.n < •- < ^In < ^n, (5-18) 



r 

POr 



and 

'^po+l.n ^ ''^po+2,n < ■•• < ''^p2,n ^ ''^P2,n ^ '^p2-l,n < ••• < '^po+l,"' (5.20) 

'^TV-l.n < ^N~2,n < ••• < ''^P2+l,n ^ '"p2+l,n ^ ''^P2+2,n < ••• < ^N-2,n < '^Af-l.n' (5-21) 

where ^ — a — ^ G (0, 1), j = 1, 2 for some integer pj ^ 0. Thus we obtain 

7pi,n C 7pi-l,n C ... C 7l,„ C 7o,n, 7pi+l,n C 7pi+2,n C ... C 7po-l,n ^ lpo,n-, (5.22) 

7p2,n C 7p2+l,n C ... C 7po+2,n C 7p(,,n, 7p2+l,n C 7p2+2,n C ... C 7Ar-2,n C 7Ar-l,„, (5.23) 

Gn = lpi,n n 7pi+l,n ^ 7p2,n H 7p2+l,n- (5-24) 

Then we obtain the odd gaps by G„{a) = {El^ (a) , E^ (a)) , where E^{a) are determined by 

F(E;^(a)) =min{/;^,/-^^i,/-^,/-^^J, /,- = -|c,| -s^ (5.25) 

We will specify flH^ . 

A) If j9i = y — 1 G Z, then we get p2 = 2pi + 1 and 

npi 7T TT / ^ \ ^P2 27r 

a + ^=3-^i, .i = ^-aG(0,-) a + — = - - e„ 

and 

Cpi = cos(- - ei) ^ -, Cp,+i = cos(- - ^1 + ^7) 7^ 2' ^^'"^^^ 
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Itt 1 2tt tt 1 

COs(y -ei) ^ --, Cp2+1 = COs(y - £1 + — ) ^ --. (5.27) 

Then due to ()5.25|) and Lemma lOI all odd gaps are open IG^I > and IG^I ^ oo as ra ^ cxd. 
f - 1 G Z, f 



B) If p2 = ^ — 1 £ Z, Y ^ Z, then p2 is even and we get pi = P2/2 = "r — | and 



7rp2 27r Trpi tt vr 

A^ 3 ' A^ 3 ^ 2N' 

which give 



,Tl , TT 1 /TT / TT ,, , 1 

)) ^ -, C.„,+i = cos( — \- (a -{ 

2p^JJ 2 ^' ^3 2N' 



Cpi =cos(- + (a-— -)) ^ -, Cp,+i = cos(- + (a+;^)) ^ -, (5.28) 



,271 1 271 TT 1 /^ ^n\ 

Cp2=cos{—-ei)^--, Cp2+i = cos(y - ei + — ) ^ --. (5.29) 

Then due to ()5.25|1 and Lemma f4. 41 we obtain: 

if a = 2^, then all odd gaps are |G„| ^ and \Gn\ — *> as ri -^ 00. 

If a 7^ 2^, then all odd gaps are open \Gn\ > and \Gn\ ^ 00 as n ^ 00. 

C) Let ^ ^ Z. Let f^ = kj + kj, kj G (0, 1), % G Z, j = 1, 2. We have 

7ikj J7T 7rkj TT TT 

which give 

— + Wj), Cfc^ii = COs(y + Wj ± ^) 7^ ~^~^^ 2 



Ck^ = cos(— + Wj), Ck^±i = cos(^- + Wj ± — ) 7^ -(-1)^-. (5.30) 



If a G A = {^,^}, then c^^ = |, or c^j = — ^. Thus we obtain the odd gaps 
G'n(O') = {E~ (a) , E:^ (a)) , where E^{a) are determined by 

5 
FiE^ia)) = min{/p,, /p,_i, fp^Jp,-i} = --, 

and by Lemma f4.4[ |G„| ^ and IG^I -^ as n — i> 00. 

If a ^ A, then we obtain the odd gaps Gn{a) = {E^ (a) , E;^ (a)) , where E^{a) are 
determined by ()5.25|) : 

5 
FiE^ia)) = min{/p^, /p,_i, /p^, fp^_i} > --, 

Thus by Lemma (4.41 IG^I > and IG^I ^ 00 as n ^ 00. 

iv) In our case c^ 7^ for all k = 1, ..,N. Then each spectral band crfc_„ 7^ for Hk{a) 
and due to (J5T8|) - (fr2T) . dOl-dOl we have (fr53|l ._ 

v) Let Orn = f - 1^ e [0, f ] for some k = m e N,N ^ 1. Then c^ = and in this 
case by Theorem 11.31 instead of (Jm,n we have a flat band an{-^n}- All other spectral bands 
ak,n ^ for A; ^ m and due to (jKTH|) - (IK:^ . (jSI221)-(IE21 we have (IT31|l . 

Using Theorem II. (jl iii). we obtain p.55p . ■ 
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6 Appendix: the direct integral 

We shortly recall the well known results about the properties of point spectrum and the 
absence of singular continuous spectrum (see jSHj). 

Theorem 6.1. For each {k,a) & N xM. the following identities hold: 

a{Hk) = (Tac{Hk) U a^Hk), (6.1) 

where the set a^{H]^) is discrete and does not have accumulation points, 

a{Hk) = (T^{Hk), if Cfc = 0, (6.2) 

a.,(gfc) = {A G R : ^^^^ + ^' G[-l,l]}, if c, ^ 0. (6.3) 

Ck 

Proof. Recall that for A^ = 1 the fundamental subgraph Fq is given by 

To = uf=oro,i,i, r, = {r = r°+te^, te[0,l]}, r^^rl = rl + e^ eW", |e^| = 1, 

where Vqq = Tqqi is a" vertical" edge; Tqi = Tqi^i and ro,2 = ro,2,i are edges with positive 
and negative projections on the vector (0, 0, 1) G M'^, see Fig. [T] We have F^^^ = Unez^n, 
where F„ = U|^qF„ j. A function f{x), x E T^^^ has the form f{x) = fn{s) for x,s G F„. We 
identify /„ on F„ with a function on Fq by using the local coordinate x = r^^ + te^^, t G [0, 1] 
and (fTTT]) . 

Define the space Sj = /rQ2^) ®^p^, where 9jp = L^(Fo). Introduce the unitary operator 
U : L^(F(^)) -^ Sj and the operator Ak by 

(f//)(p) = 5Ze^""/n, fn = {fn,j)in,j)eZxZ^eL'{To), pe[0,2n), 

A, = UHkU-' = f ® Akip)^, 

where an operator Ak{p) on the graph Fq acts in the Hilbert space i^^(Fo) = XljeZs ®L'^(^oj)- 
Acting on the edge Fqj, Ak{p) is the ordinary differential operator given by 

{Ak{p)fUt) = -f;it) + g(t)/,(t), t G [0, 1], (6.4) 

where /j, // G ^^(Foj), j = 0, 1, 2; g G /.^(0, 1) and / G D(Afc(p) satisfies 
The Kirchhoff Boundary Conditions 

/o(l) = /i(0) = e^V/2(l), e'%(0) = e^Vi(l) = /2(0), (6.5) 

-/^(l) + /((O) - e^'^sV2(l) = 0, e^^f'M - e^V((l) + /2(0) = 0. (6.6) 
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Remark that ()6.5p . ()6.6p follow from ()1.9|) . p.lOj) . where we used: /,■ = /oj, j = 0, 1,2 and 
/„+i,o(0) = e^Vn,o(0), /;+i,o(0) = e^V;o(0). 

Hence A^ = /rQ2^) ffi^fclp)*^]?, where the operator Ak{p) acts on the finite graph Fq con- 
taining only 3 edges. Hence Ak{p) has a discrete spectrum and denote the increasing sequence 
of the eigenvalues oi Ak{p) by Ek,n{p),n ^ 1- If for some n ^ 1 the eigenvalue Ek,n{p) = const 
for all p E [0, 27r], then this Ek,n{j>) is an eigenvalue of A^ of infinite multiplicity. The well- 
known arguments (see |GNj ) give ()6.H) . 

We solve the equation Ak{p)f = A/. Recall that any solution y of the equation —y"+qy = 
\y satisfies 

y{t) = wty{0) + ^y{l), Wt = i3t-^, te[0,l]. (6.7) 

Let X = fo{0),y = /o(l)- Then using ()6.5|) we obtain 

/o(t) = wtx + ^y, hit) = wty + ^e'^^-^^x, h{t) = e'^wtx + ^e-^'^sS. (6.8) 

The substitution ()6.8|1 into ()6.5j) gives 

-w'lX - ^y + Wny + — e'(^-")x - e'"s^(e'ViX + ^e-'"s-^y) = 0, (6.9) 

and using Wq = — — , w'^^ = — — we get the first Eq. 

x(l + e^(P-") + e'^P+^h^) - y{2A + ^i) = 0. (6.10) 

We determine the second one. The substitution ()6.8p into ()6.6|) gives 

e'P(w'x + —y) - e'\w[y + ^e^^^-^^x) + ie'^w'x + — e-'^s-'^y) = 0, 

which yields the second Eq. 

-xe'P(2A + ^i) + y{e'^ + e'" + e-^^s-^) = 0. (6.11) 

The corresponding determinant of the systems ()6.10|) . ()6.1ip has the form 

Q = (2A + ^i)(2A + ip[) - {e-'P + e"'" + e'"s'^)(e'P + e'" + e-"'s-'') = 0. 

Using the identities 

(2A + ^i)(2A + ip[) = 8A' + ^[ip, + 1, 

(e-'P + e-'" + e'''s''){e'P + e'" + e'^'^s-'^) = 1 + 4^ + 4cfc cos(p + — ), 

we obtain 

Q = F + sl = CkCos{p+^), pe[0,27i). (6.12) 

Thus if Cfc = 0, then Q = 0, which yields ()6.2|1 . If Ck ^ 0, then we obtain ()6.3|1 . 

30 



Note that it is possible to define a modified Lyapunov function F^ by the identity 

^ = cos(p + f : 



Fk{X^a) = —^ — - = cos(p + ^)jP € M. This function is entire. But in this case the 



periodic eigenvalues are defined by the Eq. '^ = cos ^, i.e. at p = 27rn. We assume that 
we obtain such entire functions only for the zigzag graphs. ■ 
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